Summary. The classical theory of multipoles is used to calculate the true quadrupole and octupole parameters for six different models of Jupiter's main magnetic field. These six magnetic-field models, which are based on measurements made by the Pioneer 10 and Pioneer I 1 spacecraft, are specified in terms of the fifteen spherical harmonic coefficients required to define the Jovian dipole (3), quadrupole ( 5 ) and octupole (7). The set of five equations for the quadrupole parameters and the set of seven equations for the octupole parameters are each solved iteratively to give the corresponding true multipole moment and the directions of the associated multipole axes. It is found that the five quadrupole parameters are defined reasonably accurately by the Pioneer measurements, as are the three dipole parameters, but it is concluded that there are appreciable uncertainties in each of the seven octupole parameters. The true quadrupole and octupole magnetic moments are typically 14 and 5 per cent, respectively, of the dipole moment. These percentages are significantly different from the corresponding percentages for the pseudo-magnetic moments, namely 24 and 21 per cent, which are usually quoted in discussions of the higher multipoles of the Jovian magnetic field. Both the true and pseudo-multipole moments are larger for Jupiter than for the Earth. It is suggested finally that a proper multipole expansion of Jupiter's main magnetic field may have important applications in quantitative studies of several problems involving the Jovian magnetosphere, such as the decimetric and decametric radio emissions from Jupiter.
which arose because of an inaccuracy in the nominal sensitivity calibration of the triaxial fluxgate magnetometer, there is now quite good agreement between both sets of magneticfield data and the charged-particle data (Van Allen et al. 1975; Fillius, McIlwain & MogroCamper0 1975 ; Roederer, Acuiia & Ness 1977) . In particular, there is reasonably good agreement between the models of the Jovian magnetic field based on the Pioneer 11 vector helium magnetometer data Smith et al. 1975 Smith et al. , 1976 Smith & Gulkis 1979 ) and the latest model based on the corresponding fluxgate magnetometer data (Acuiia & Ness 1976a, b) . Previously, preliminary results from the Pioneer I0 vector helium magnetometer (Smith et al. 1974a) , which were based on an eccentric dipole model, had to be revised to allow for an error in spacecraft roll attitude (Smith et al. 1974b ). An important feature of the subsequent analysis of the Pioneer 1 I data was the immediate recognition of the importance of higher-degree magnetic multipoles and their significance for studies of the radiation belt regions close to Jupiter.
The direct spacecraft measurements indicate that the magnetic field of Jupiter, like that of t h e Earth, can be represented approximately by an inclined (or tilted) dipole slightly offset (= 0.1 R J ) from the centre of the planet. The dipole magnetic moment is about (4.2 k 0.2) x 104tesla Rj (1 tesla R: = 3.64 x loz3 tesla (T) m3) or 4.2 f 0.2 gauss R j and the northern end of the dipole axis (which is a north-seeking pole) is tilted at an angle of about lo"+ 1" with respect to the rotational axis towards a longitude of about 230"k 10" in zenographic System I11 (1957.0) coordinates at epoch 1974.9. There are, however, relatively strong field components due to quadrupole and octupole magnetic moments Smith et al. 1975 Smith et al. , 1976 Acuiia & Ness 1976a,b; Smith & Gullus 1979; Russell 1980) , which are particularly pronounced near the planetary surface (r < ~R J ) .
Moreover, the field is stronger at the north pole than at the south pole (= 1.4mT versus = 1 .O-1.1 mT). In general, the results derived from the direct magnetic-field measurements made by Pioneer 10 and Pioneer 11 confirm earlier conclusions deduced from ground-based observations of the non-thermal radio noise from Jupiter at decimetric and decametric wavelengths (Hide & Stannard 1976; Smith & Gulkis 1979) .
As noted in the preceding companion paper (Willis 1982) , hereafter referred t o as Paper I, it has been customary t o use a pseudo-multipole moment to compare the quadrupole and octupole magnetic moments of different planetary main magnetic fields (Smith et al. , 1980 Acuiia & Ness 1976a,b; Roederer 1976; Whang 1977; Smith & Gulkis 1979; Russell 1980) . The pseudo-multipole moment Pfl of degree n is defined by the equation
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where g,"' and h,"' are the spherical harmonic (or Gauss, or Schmidt) coefficients, of order m and degree n , in a spherical harmonic expansion of the planetary scalar magnetic potential. It was pointed out in Paper I that, although equation (1) provides a very simple and convenient mathematical formula for comparing the multipole intensities of different planetary magnetic fields, the pseudo-multipole moment 9 , is not strictly consistent with the classical definition of multipole moment based on Maxwell's theory of poles (see section 2.4 of Paper I).
It was noted further in Paper I that 9 , is related to the root mean square (rms) value on the planetary surface (considered to be the sphere r = R J ) of the total magnetic intensity of the multipole of degree n , that is [< (B,)2 > ] by the equation 9, = [< (B,)2 >/(n t I)] "*. Consequently, comparisons between like multipole components of different planetary magnetic fields, based on the pseudo-multipole moment 9, are equivalent to comparisons between the corresponding rms total intensities, [< (Bn)Z> J "2, on their respective mean spherical ('planetary') surfaces (see also Elphic & Russell 1978) .
The primary aim of this paper is to derive values for the true quadrupole and octupole parameters of Jupiter's main magnetic field using the magnetic measurements made by the Pioneer 10 and Pioneer I 1 spacecraft.
The general equation for the Jovian multipole parameters
Since the present paper is concerned primarily with the Jovian main magnetic field, it is convenient to formulate the relevant theory of multipole parameters with specific reference to Jupiter. Otherwise the procedure is similar to that employed in Paper I, where the theory was formulated with specific reference t o the Earth. It follows from equations (2) and (3) of Paper I that the true parameters of the Jovian multipole of degree n are defined by the equation
where This spherical harmonic expansion is only valid outside the region of origin of Jupiter's main magnetic field, that is in an ideal external region containing no sources of magnetic field (i.e. curl B = 0).
In the above representation of the Jovian magnetic field, positions on the surface of the planet are specified in terms of (right-handed) spherical polar coordinates (r, 0 , @) with origin 0 at the centre of Jupiter; r is the radial distance (r > R J ) , 0 is the zenographic colatitude with the north pole at 0 =0, and @ is the zenographic System 111 east longitude. The radius of the reference sphere, r = R , , is taken t o be the adopted radius of Jupiter, namely 71 372 km (Mead 1974) ; P," (cos0) is Schmidt's partially (or quasi-) normalized associated Legendre function of order m and degree n ; g , " and h, " are the spherical harmonic coefficients for the particular epoch considered; po is the free space permeability;Mn is the multipole moment (or strength); a, to Q, are n unit vectors defining the n axes of the multipole of degree n and in the general case these unit vectors, or axes, are in arbitrary directions; and all physical quantities are measured in SI units.
3 Equations for the quadrupole and octupole parameters
The five equations that define the quadrupole parameters of the Jovian main magnetic field are obtained by putting n = 2 in equation (3) and equating the coefficients of corresponding terms. The resulting quadrupole equations have been presented in Paper I (Section 2.3) and are repeated here in order to make this paper self-contained. With the same notation as before, these equations are (Winch & Slaucitajs 1966a; Winch 1968) where As noted in Paper I, there are minor ambiguities in the mathematical solution of these equations in t h e sense that the quadrupole potential remains unchanged if: (1) the subscripts 1 and 2 that label the axes are interchanged, or (2) the directions of both quadrupole axes are reversed.
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Similarly, the seven equations that define the octupole parameters of the Jovian main magnetic field are obtained by putting n = 3 in equation + sin O1 cos O2 sin O3 sin (@, t G3)
g : = (3/2) (10)1'zA3 sine, sine, sine3 cos (@, + @, + @3), h i = (3/2) (10)"2ylY,sinfl, sineZ sin0,sin (@, t @, t G3), where c:
and By analogy with the case of a quadrupole, it should be noted that equations (7) are symmetrical with respect t o the subscripts 1, 2 and 3 and thus there is no physical connotation in the labelling of the octupole axes. In addition, there is again a minor ambiguity in labelling poles as 'north' or 'south' in the sense that the directions of the octupole axes may be reversed in pairs without changing the octupole potential ( c t section 2.3 of Paper I).
Iterative methods of solving the quadrupole and octupole equations
The intention in this section is to provide a brief outline of the numerical methods that have been used t o solve the quadrupole and octupole equations. An attempt was made initially to solve the equations defining the quadrupole and octupole components of Jupiter's main magnetic field b y the iterative method (Newton's method for several variables) discussed and used b y Winch & Slaucitajs (1966a). In their approach the set of equations for either the quadrupole or octupole parameters is first written in abbreviated notation as follows,
where the vector x = ( x 1 , x 2 , x 3 , .
. ,) represents the required multipole parameters and thefj are the known spherical harmonic coefficients. Thus x = (A2, 0 1, Gl, 02, G2) for a quadrupole and x=(M3, el, GI, 0 2 , q5', 03, Q3) for an octupole.
Suppose that an approximate solution of (10) is given by
( 1 1) which, on substitution in (lo), gives a set of 'approximate' spherical harmonic coefficients
where the differences A& between the approximate and exact spherical harmonic coefficients are i = 1 , 2 , 3 ,...,
Then, using the Taylor series expansion of a function of several variables and retaining only the first-order terms, it follows that where the partial derivatives are evaluated using the appropriate solution defined by (1 1). This last expression defines a set of linear equations that can be solved for Ax, thereby providing the next (i.e. better) approximation x l = xo -Ax. In principle, this iterative procedure can be repeated indefinitely to give values of the parameters that are accurate to any specified numerical tolerance. I n practice, however, it has been found that the initial approximate solution, namely (1 l), has to be reasonably accurate to ensure that the iterative procedure converges. In the case of a quadrupole, the equations can be solved (accurately in the general case and approximately in degenerate cases) by the alternative direct analytic method (Willis 1982 ). In the case of an octupole, however, approximate solutions of the equations may not be readily available. For the Earth, the published values of the quadrupole and octupole parameters for certain recent epochs (Winch & Slaucitajs 1966a,b; Winch & Malin 1969) provide initial approximate solutions for contiguous epochs. By means of such a 'stepping' procedure, it is possible to calculate geomagnetic quadrupole and octupole parameters as far back in time as the earliest epochs for which 'reasonably reliable' spherical harmonic coefficients exist, namely about AD 1600 (Barraclough 1974) .
For Jupiter, however, there are no published values of the quadrupole and octupole parameters that can be used as approximate initial solutions. In this situation it is necessary to scale a suitable model of the geomagnetic field; the term 'suitable' is used here to imply a model for which several of the scaled geomagnetic spherical harmonic coefficients are approximately equal to the corresponding Jovian coefficients. The final values of the quadrupole or octupole parameters can then be found by using the stepping procedure mentioned above to increment the scaled geomagnetic coefficients to their final Jovian values, generating as many intermediate coefficients and solutions as is necessary t o ensure convergence. Practical experience has shown that the octupole solution usually converges if the increment in any one of the spherical harmonic coefficients does not exceed 5 p T (0.05 G).
Although the procedure described above has been used successfully to calculate quadrupole and octupole parameters of Jupiter's main magnetic field, it has been found that this method occasionally fails to converge. To obviate this difficulty, the problem of solving (10) can be replaced by the problem of finding the value of the vector x that minimizes the expression D, M. Willis and A. D. Osbome where n = 5 for a quadrupole and n = 7 for an octupole. At the minimum, the above expression is equal to zero within a specified numerical tolerance. The value of x that minimizes (15) has been found by the iterative method developed by Powell (1965) , which is a search method that minimizes the sum of squares of nonlinear functions without calculating derivatives. This procedure gives the value of x that satisfies equations (10) and has the added advantage that the initial approximate solution (xo) does not need to be known as accurately as in the iterative method employed by Winch & Slaucitajs (1966a).
Numerical results
The intention in this section of the paper is to present numerical estimates for the true quadrupole and octupole parameters of Jupiter's main magnetic field. To achieve this objective the quadrupole equations (5a-5e) and octupole equations (7a-7g) are solved by the iterative method using the representative sets of Jovian spherical harmonic coefficients published in the review papers by Smith & Gulkis (1979; cJ: their table 6) and Russell (1980;  cf: his table 3). For completeness, these sets of spherical harmonic coefficients are repro- Ness, 1976a, b) , whereas the five following models are all based on measurements made with the vector helium magnetometer Smith et al. 1975) . The mnemonic nomenclature used in Table 1 is identical to that employed by Smith & Gulkis (1979) , although it should be noted that P11 O4 in their table 2 degenerates to O4 in their table 6. The mnemonic P1 l(3, Z), for example, means that Pioneer I 1 data obtained by the vector helium magnetometer (VHM) have been used to derive: (1) 'internal' spherical harmonic coefficients up to degree 3 (dipole, quadrupole and octupole), which define the main magnetic field of Jupiter; and (2) 'external' spherical harmonic coefficients up to degree 2 (dipole and quadrupole), which specify the contribution to the observed field arising from currents flowing in the Jovian magnetosphere and magnetopause (see also Smith et al. 1976) . With this nomenclature the fluxgate magnetometer model should perhaps be written as PI 1(3,0)0,, but the original abbreviation is retained here.
The VHM model designated PI 1(3,2)A incorporates data obtained during the occultation of the spacecraft by Jupiter (Smith & Gulkis 1979) ; however, these additional data are 9" 37' 9" 57' 10" 4' 10" 0' 10" 4' 11" 14'
@ I
128" 11' 132" 49' 132" 3' 131" 10' 132" 52' 128" 0' restricted to measurements of the axial (A) magnetic-field component parallel to the spin axis of Pioneer 11, which do not depend on knowledge of the (ambiguous) spacecraft roll attitude. In the analysis of the VHM data, a factor of the form r3" has been included to weight the observations, whereas weights have not been employed in the analysis of data from the fluxgate magnetometer. For a detailed discussion of the relative merits and demerits of including weights and 'external' spherical harmonic coefficients, which are usually assessed in terms of the so-called 'condition numbers', the interested reader is referred t o the papers b y Davis and Acuiia & Ness (1976~) . For completeness, numerical values for the three Jovian dipole parameters are presented in Table 2 for each of the six models of Jupiter's main magnetic field defined in Table 1 . The normalized dipole moment ..U, is given to the nearest 10-7T(10-3G) and the angles 0 G1 are given t o the nearest minute of arc('). These numerical values, which have been calculated using equations (7) of Paper I, are essentially the same as those given by Smith & Gulkis (1979; see the first six rows of their table 2), although these authors presented their results in terms of the longitude system conventionally used by astronomers, in which longitude (A) increases to the west. In the (right-handed) spherical polar coordinate system employed in studies of planetary magnetism, however, the longitude (G) increases to the east and thus X+@=360". If it is assumed that the variability between the different sets of spherical harmonic coefficients given in Table 1 represents the uncertainty in current estimates of Jupiter's main magnetic field, it is clear from Table 2 that the uncertainty in the normalized dipole moment (dl) is about 2 x lo-' T (= 5 per cent) for the six models defined in Table 1 .
Similarly, the uncertainty in the co-latitude el is of the order of 1" and the uncertainty in the (east) longitude G1 is of the order of 10". Therefore, the dipole component ( n = l ) of Jupiter's main magnetic field is defined quite accurately by the magnetic-field measurements made by the Pioneer spacecraft.
Numerical values for the five Jovian quadrupole parameters, calculated using the iterative method of solving equations (S), are presented in Table 3 for each of the six models of Jupiter's main magnetic field defined in Table 1 . The normalized quadrupole moment ,rU, is given to the nearest lO-'T (10-3G) and the angles el, GI, e2, G2 are given to the nearest minute of arc ('); minor ambiguities in the labelling of axes have been described in Section 3.1. For uniformity, the iterative method has been used in this paper t o solve both the quadrupole and octupole equations, since the direct analytic method of solving the octupole equations needs further clarification. The quadrupole parameters presented in Table 3 have been checked, however, using the direct analytic method of solution described in Paper I. According to the argument used in the previous paragraph, it is clear from Table 3 that the uncertainty in the normalized quadrupole moment (A2) is about lo-' T (= 20 per cent). The corresponding uncertainty in each of the four angles defining the two quadrupole axes is typically of the order of 10" for the magnetic-field models based on the Pioneer 11 measurements. The inclusion of the model P10(3,2) based solely on the Pioneer 10 measurements increases this angular uncertainty to about 50" in the worst case (el). Nevertheless, the D. M. Willis and A. D. Osbome Table 3 . Quadrupole parameters for the models of Jupiter's main magnetic field defined in Table 1 .
Quadrupole
Model 1 results presented in Table 3 indicate that there is reasonable agreement between the different estimates of the Jovian quadrupole parameters, which implies that the quadrupole component (n = 2) of Jupiter's main magnetic field is defined fairly accurately by the magneticfield measurements made by the Pioneer spacecraft. Similarly, numerical values for the seven Jovian octupole parameters, calculated using the iterative method of solving equations (7), are presented in Table 4 for each of the six models of Jupiter's main magnetic field defined in Table 1 . The normalized octupole moment d3 is given to the nearest 10-7T(10-3G) and the angles B1, @ l , 02, &, B,, @, are given to the nearest minute of arc ('); minor ambiguities in the labelling of axes have been described in Section 3.2. It follows from Table 4 that the uncertainty in the normalized octupole moment (4,) is about 1O-'T (= 50 per cent), whereas the corresponding uncertainty in the six angles defining the three octupole axes is typically of the order of 100". Therefore the angular uncertainty in the octupole parameters presented in Table 4 is considerably greater than the angular uncertainty in the quadrupole parameters presented in Table 3 . The order of magnitude increase in angular uncertainty indicates that the octupole component of Jupiter's main magnetic field is not defined as accurately as the dipole or quadrupole components. This conclusion is not unexpected, however, because Smith & Gulkis (1979) have pointed out that row-by-row inspection of Table 1 reveals reasonably good agreement between the quadrupole coefficients (n = 2), but occasional large discrepancies between the octupole coefficients (n = 3). Table 5 gives the magnitudes of the true dipole (dl), quadrupole (&) and octupole (A,) moments for the six models of Jupiter's main magnetic field defined in Table 1 . (Reference to equation (4) shows that the correct units of the true multipole moment of Table 5 should be compared with the corresponding pseudo-multipole moments ( Y n ) given in table 7 of the paper by Smith & Gulkis (1979) . At this point it should be recalled that the pseudoquadrupole (n = 2) and octupole (71 = 3 ) moments have been calculated using equation (l), whereas the true quadrupole and octupole moments have been derived from equations (5) and (7), respectively: the true and pseudo-dipole moments are identical (i.e. S l = d l ) ,
however.
The true and pseudo-multipole moments of Jupiter and the Earth are compared in Table  6, Table 6 illustrate the significant differences between the true and pseudo-multipole moments for both Jupiter and the Earth. Although the two different definitions of multipole moment are both correct within their own terms of reference, the true multipole moments given in Table 6 are strictly consistent with the classical definition of multipole moment based on Maxwell's theory of poles. Moreover, Table 6 confirms for true multipoles the earlier conclusion, based on pseudo-multipoles Acuna & Ness 1976a, b ; Smith & Gulkis 1979) , that the quadrupole and octupole moments of Jupiter are both larger than the corresponding moments of the Earth.
Conclusions
The primary aim of this paper is to present numerical estimates for the true quadrupole and octupole parameters of Jupiter's main magnetic field. These multipole parameters are calculated using the published sets of Jovian spherical harmonic coefficients, which have been derived from the magnetic-field measurements made by the Pioneer 1 0 and Pioneer 11 spacecraft. Although these published sets of Jovian spherical harmonic coefficients may be revised or extended b y inclusion of the magnetic-field measurements made by the Voyager 1 and Voyager 2 spacecraft, the present paper provides the first, albeit preliminary. numerical estimates for the true quadrupole and octupole parameters of Jupiter's main magnetic field.
Numerical values of the true dipole, quadrupole and octupole parameters of the Jovian magnetic field are presented in Tables 2, 3 and 4, respectively, for the six different sets of spherical harmonic coefficients defined in Table 1 . Each table gives the respective multipole moment and the corresponding angles that define the multipole axes. It is concluded that the dipole and quadrupole parameters of the Jovian main magnetic field are defined reasonably accurately by the magnetic measurements made by the Pioneer spacecraft, although there are appreciable uncertainties in the octupole parameters. The numerical values presented in Tables 5 and 6 indicate that the true Jovian quadrupole and octupole magnetic moments are characteristically 14 and 5 per cent, respectively, of the dipole magnetic moment, whereas the pseudo-quadrupole and octupole magnetic moments that have been quoted almost universally in previous discussions of Jupiter's main magnetic field are typically 2 4 and 2 1 per cent, respectively, of the dipole magnetic moment (cJ Table 6 ). Although both definitions of multipole moment are correct within their own terms of reference, the true multipole moments given in Table 6 are strictly consistent with Maxwell's classical definition of a multipole moment. Finally, it is clear from Table 6 that both the true and pseudo-multipole moments for Jupiter are larger than the corresponding moments for the Earth.
Quite apart from its intrinsic interest in relation to the origin and secular variation of Jupiter's internally generated magnetic field, a proper multipole expansion of the Jovian magnetic field may well have important applications in future quantitative studies of specific magnetospheric problems such as: (1) the decimetric radio emissions (synchrotron radiation) produced by relativistic electrons trapped in Jupiter's asymmetric (non-dipolar) magnetic field (Smith & GuLkis 1979) ; and (2) the magnetic anomaly model of the Jovian magnetosphere (Dessler & Hill 1975; Dessler & Vasyliunas 1979; Dessler 1980; Dessler, Sandel & Atreya 198 1) and the associated longitudinal control of the Io-related decametric radio emissions (Dessler & Hill 1979 ) and the longitudinal asymmetry in 10-related and Europarelated auroral hot spots (Dessler & Chamberlain 1979) .
